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INTERFEROMETER TO STUDIES OF COOLED BOUNDARY LAYERS

By Martin R. Kinsler

SUMMARY

In order to determine the applicebility of the Zehnder-Mach inter-
ferometer to two-dimensional cooled-boundary-layer studies, an analyti-
cal investigation was conducted. It was found that for low wall to
free-stream temperature ratios, the effects of light refraction may
cause consldersble error in the boundary-layer density profiles cal-
culated from interferogram measurements if these effects are not taken
into accéount and that it is impossible to observe the boundary layer
very close to the cooled wall.

This report therefore contains a discussgion of the magnitude of
the refraction effects that may be expected and acts as a guide in the
design of two-dimensional test sections for the study of cooled boundary
layers by the interferametric method.

Equations are derived and used to compute the trajectories of light
rays through particular boundary layers as well as the approximste cor-
rections that must be applied to the boundary-layer density values to
take Into account the effects of refraction. The computations were made
for & range of conditions that is mainly of interest in turbine-blade .
cooling studies. TILaminar and turbulent boundary layers that have a
free-stream Mach number of 1.0, no pressure gradients in the floy
direction, and wall to free-stream temperature ratios from approxi.-
mately 0.33 to 0.9 were considered. .

INTRODUCTION

In order to predict the heat-transfer to cooled surfaces in hot-
ges streams, local heat-transfer coefficients must be estimated.
Local heat-transfer coefficients can be obtained from interferograms of
the boundary layer about two-dimensional bodies in a free-convection

" flow by determining the temperature gradient at the surface of these

bodies (reference 1l). For forced convection of hot gases, the boundary
layers are usually very thin and the temperature gradients through the
boundary layer are very large; light rays passing through the boundary
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layer will therefore be refracted considerably. Heat transfer is deter-
mined by the region in the boundery layer that is very close to the
surface. When the boundary layer is cooled, light is refracted toward
the surface so that the part of the boundary layer nearest the surface
cannot be observed. Even though it is expected that temperature gradi-
ents at the yall cannot be obtained in this case, the prediction of
heat-transfer coefficients can be greatly facilitated by a knowledge of
flow conditiomns, such as, how and when transition to turbulence and
separgtion occur in the boundary layer.

Corrections for the effects of the refraction that are necessary
to obtain the true density or temperature profile of & two-dimensional
boundary layer from interferograms are discussed in reference 2. In a
talk on the accuracy of gas-flow interferometry glven at the March 5,
1948 meeting of the Optical Soclety of America, F. Joachim Weyl dis-
cusged the effects of light refraction on the design of two-dimensional
supersonic wind tunnels. However, the case in vhich light rays are
bent into the surface was not discussed in either of these references.
It is desired to determine the £flow conditions and test-section design
for which the effects of refraction must be considered and to determine
what can be done to minimize these effects.

The investigation reported herein, which was conducted at the NACA
Iewis laboratory, will aid in the estimation of the order of magnitude
of the refraction effects that can be expected in en interferometric
investigation of two-dimensional boundary layers similar to those
encountered in the flow over cooled turbine blades. Numerical results
are obtained for flow in laminar and turbulent boundery layers on a
flat plate at a free-stream Mach number of 1.0 and at wall to free-
stream temperature ratios from epproximately 0.33 to 0.9.

METHOD OF ANALYSIS

The interferometer is best suited to two-dimensional studies;
therefore, the boundary layer existing on a cooled model contained in |
a rectangular channel will be considered. It is assumed that the model
spans the dlstance between two glass walls and has its stagnation point
at some point downstream of the entrance to the channel.

It is also assumed that various conditions of pressure, gas veloc-
ity, and temperature can be attained at any point in the channel. The
boundary layer to be investigated is initiaelly laminar and then transi-
tion to turbulence takes place., According to reference 3, transition
can transport itself laterally across the channel by the mechanism of
transverse contamination. In such a case, the transition region is
V-shaped. The glass-wall boundary layer and the boundary layer on the
model surface intersect at the corners of the channel as shown in
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figure 1, which is a schematic dilagram describing the path a light ray
would take when passing through a boundary layer formed in a "two-
dimensional” test section during forced-convection flow over & cooled
surface., The free-convection boundary layers on the outside of the
channel due to the temperature differences between the glass wall and
outside air, the nonuniform temperature distribution in the glass walls
due to heat flow to the cooled model, and the inside-wall boundary
layers as well as the boundary layer under investigation affect the
trajectory of a light ray passing through the channel. In this investi-
gation, it is assumed that the outside free convection has been effec-
tively eliminated and that the density gradients in the glass wells and
glass-wall boundary layers are parallel to the ray entering the glass
wall. A diagram of a test-section design that is expected to allow the
previous assumptions to be approximately satisfled.is presented in fig-
ure 2. The cooled body is removed from the glass wall in order to
reduce the local thermal variation of the index of refraction in the
glass wall and to prevent the intersection of the boundary layers at the
corners of the channel. The effect of the gap size between the model
and the glass on the apparent thickening of the boundary layer hes not
been investigated, but it is known that removing the cooled body from
the window considerably reduces the thermal distortion of the glass.
The evacuated chambers on the sides of the channel allow thin glass to
be used in the channel wall when the air flow in the channel is at low
pressure and eliminate much of the free convection on the outside of
the channel. The evacuated chambers require that glass be inserted in
the reference path of the interferometer to compensate for the thick
glass on the chambers,

The two effects of refraction that will cause difficulties in
evaluating interferograms are: (1) The lower light rays are bent into
the surface and therefore will not appear at all on an interferogram;
(2) Because a light ray passes through regions of varying density, a
fringe shift appearing on an interferometer screen indicates a value of
the density integrated on a curved light-ray path through the boundary
layer. .

The first effect is investlgated by obtaining an expression for the
trajectories of light rays through various laminar and turbulent bound-
ary layers. This expression is presented in a dimensionless form that
avolds numerical calculations involving various Reynolds numbers, free-
stream densities, light sources of different wavelengths, and distences
back from the stagnation point. The form of the expression is such
that numerical representations of boundary-layer temperature profiles
may be readily substituted.

All symbols are defined in appendix A; the equation of the trajec-
tory of a ray is given in sppendix B as:
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where
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NM=X—57%V -
3
and N

£ =g () K R (2 (2

The height perameter 17 is essentially the ratio of the distance from
the surface y to the boundary-layer thickness 5. In the expression
for the parameter 1 it is assumed that the boundary-layer thickness
is proportional to some power of x. This kind of behavior is quite
often found in laminar and turbulent boundary layers.

The second effect can be estimated by considering that a light ray
entering the channel at position ¥y (see fig. 3) appears to traverse .
the channel at & height y, and indicates a density pg On an inter-
ferogram. The second effect can therefore be described by the ratios
pe/py @nd y,/y1. The ray that passes through a point at a height ¥ oo
in the test section, reaches an image point on the interferometer
screen. The point at a helght g, or position A in the object plane,
corresponds to this image point, In appendix B it is shown that

Ja

. mea(n2- @ k29) 0 \ @)

where

_an _ (L'/z) 6
°-a  K(kpg) Re™ (L'/x)

The equation used to evaluate interferograms whére\the refraction
effects are small is ‘

By substituting

n=%k +1 (4) a
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for the index of refraction 17 in equation (3) an expression for the
quantity p, can be found. The value of the fringe shift 3 at the

- image point which corresponds to y, in the object plane is to be sub-

stituted in the equation in order to obtain pg. In appendix B, the

optical-path length SA 1s also obtalned by an integration procedure
that takes into account the refraction of the light ray. When both
equations for S\ are combined .

P P P P
Pa _ G) . (59.) . (ﬁ) (5)
e \Vraz i/ ‘
where the terms on the right side of the equation are, respectively,
the contributions to pa/pl due to the boundary layers on the glass

walls Inside the test sectlon, the refraction of a ray through the
boundary layer under investigation, and the contribution due to the
optical path from a point at the inside of the exit window to the image
plane (reference 2). The three contributions were found to be

-
G- *-J f sars) o
G?'),)"-'%rl 6, 0 (8)

where is en average value of the temperature ratio in the glass-
wall boundary layer. )

(6)

H?l
|..|

NUMERICAL CALCULATIONS

It is desired to demonstrate the applicability of the preceding
analysis in estimating the magnitude of the refraction effects that are
encountered in an interferometric investigation of laminar and turbu-
lent boundary layers similar to those encountered on cooled turbine
blades and in designing a test section that will be useful in obtaining
heat-transfer information from interferograms of the boundary layer.

The numerical calculations described in this section are for flow
over a flat plate at a free-stream Mach number of 1.0. However, it is
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possible to use the method presented for flows in which there are pres-
sure gradients present and that have Mach numbers other than 1.0. It
is not the purpose of this report to describe the effects of light
refraction for all free-stream conditions that may be encountered but
rather to show general trends that may be expected.

Temperature Profiles

The theoretical temperature profile over a flat plate for a com-
pletely leminar boundary layer, as obtalned from reference 4 and from
additional information supplied to the NACA by Dr. Crocco, is presented
in figure 4(a). The ratio of the absolute static temperature in the
boundary layer to the absolute free-stream static temperature is
plotted against the usual parameter 1. The property values assumed in
obtaining the boundary-layer temperature profiles are for air and are
assumed to vary as a power function of the temperature. The functions
used for the viscosity-temperature and specific heat-temperature rela-

o 0.75 ey P 0.19

tions are - = (—) . and —— = k—-—) » respectively. The
by \Tg cp,5 \B

Prandtl number is equal to 0.725. For laminar boundary layers, the

exponent of the Reynolds number is m= 0.5 and K= 1 in the

expression for 1.

In order to obtain a corresponding plot for the turbulent boundary
layer, the similarity that exists at Pr = 1 between the velocity
field and the field of total temperature drop (reference 5) is used to
obtain an expression for xr in terms of 1.

T! - T

u w
At D (9)
8 W

By substituting
Tt = T(l It M2> (10)

and

.M=MB%,\E (11)

for the total temperature and Mach number in equation (9) it can be
shown that

R AR R CEE RS (22

2184
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In the turbulent region of the turbulent boundary layer the velocity
profile 1s approximated by a power law

-7 e

Measured velocity profiles for low subsonic flow show that the value
of N can be taken as seven. In reference 6, it is shown that the

'0.376

boundary layer thickness is & = ——i7§-x if the 1/7 power law is used.
: Re ‘
m
Then 7 ==Kk y vhere K= 2.66, and m= 0.2.

In the laminar ‘sublayer, it is assumed that

oI,
T CTT 5 (14)
s W 8
and in reference 6
Y
8 191
B T 0.7 (15)
Re”"*
for a turbulent boundary layer following the 1/7 power law. From
equations (12), (14), and (15), it can be shown that
r = constant 1 + Ty 7 (18)

in the laminar sublayer. The temperature ratio for the laminar sub-
layer and the turbulent region are plotted in figure 4(b) for a Mach
number of 1.0, For the laminar subfayer the Reynolds number was chosen
at 5X10° in order to obtain the constant in equation (16). The turbu-
lent portion of the profiles described by equation (12) is independent
of Reynolds number as long as the 1/7 power law is valid.

Light-Ray Trajectories

The possibility of calculating trajectories of light rays through
the boundary layer is offered by equation (1). In figure 5, the light
paths through the three laminar and the three turbulent boundary layers
shown in figures 4 and 5 are described. The right side of equation (1)
wasg evaluated by means of Simpson's rule. The slope of the curwes in
figures 6 and 7 depend only upon the parameters 7 and r,; &as shown
in equation (1). Therefore, for any value of 1 all curves for the
seme paremeter y; have The same slope. This fact is helpful -
in Interpolating velues between the curves. :
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Determination of ya/yl

From equation (2), ¥,/vy; 1s plotted against £, for various
values of r, and 71; in figure B.- It is assumed that the object

plane corresponds to the center plane of the channel, that is,
€' = 1 = €, )

7812

Determination of p,/p;

) An estimate of the quantity pa/pl for the prescribed boundary
layers may be made from figures 7 to 9. In figure 7, (pa/pl is
plotted against Bp/L for various values of the guotient rl/rf.
Plots of (pgfpy)i.p @eeeinst &5 for various wall-to-stream tempera-

ture ratios and values of N, are presented in figure 8. The calcula-

tions for these plots were made by assuming, in equation (7) , that the
glass-wall boundary layer is negligible, that is, 5f/L = 0. ZFor
valueg (of 5¢/L >0 the ratio, (py/p7)1.p should be multiplied by

1-2 f . The values of (py/oy); g, ove limited because the rays are i
bent into the surfa.ce.

In figure 9, (pg/p1)qy is plotted against §; for various tem-

perature ratios and velues of 7ny. The Object plane was assumed to
correspond to the plane con‘ba.ining the center plane of the test sectlion.

A Numerical Example

' It is desired to design a chennel that can be used to optain
.local heat-transfer coefficients over a flat surface by means of the
Zehnder-Mach .interferameter for a given air temperature, wall-to-
stream tempeérature ratio, Reynolds number, and Mach number of the order
of magnitude of 1.0. The design procedure consists of assuming verious
values of the pressure and temperature of the alr in the test section
and then determining if reasonsble values of the fringe shift across

pa/P
the boundexy layer, the ratio X—, and the ratio a./ Dk are
L p /P

obtained, The effects of refraction 'that can be expected for a par-
ticular design must be estjmated before these calculations may be made.

. Tn order to obtain the local heat-transfer coefficient directly
from the fringe shifts on an interferogram, it 1s necessary to calculate -
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the boundary-layer temperature gradient at the wall. However, all light
rays are bent toward the surface and it will not be possible to view the
boundary leyer near the wall. For this reason, it is assumed sufficient
to obtain the tempersture profile up to the point at which the tempera-
ture gradient is 0.9 of the gradient at the wall in the laminar boundary
layer and up to & value of y/5 = 0.01 in the turbulent boundary layer.
The profile shapes shown in figure 4 were used to determine the corre-
sponding value of 17 1in the present evaluation. In addition, it has
been found that it is very difficult to obtain the temperature profile
for points that are very close to the wall. The boundary-lsyer thick-
ness is therefore made large emough so that the portion of ‘the boundary
layer which venishes is at least 0.004 inch.

Because 1t is desired to keep the glass-wall boundary layer thin
it would be helpful to so design the rectangular channel that the
length of the wall containing the glass is as short as possible. This
design is accomplished by using one wall of the channel as the test
surface, which is considered to be cooled over its entire length.

Air at 70° F is assumed to flow through the channel at a maximm
Reynolds number of 5X10°. The pressure in the channel is maintained
constant at about 26 inches of mercury vecuum. A test-section design
1is obtalned for three wall-to-stream temperature ratios faor both laminar
and turbulent boundery leyers, The light source in the interfercmeter
is a filtered mercury arc lamp giving off only the green line which has
&8 wave length of 5461 angstrom units.

The results of the calculations are presented in table I. In
column 1 of this table, boundary layers having three different wall-to-
stream temperature ratios each are selected. In colum 2, the minimum
values for the distance back from the stagnation polnt are obtained by
substitué;ling the lowest value of 7y that is desired into the relation

1 =KZ_y vhere y 1is set equal to D.004 inch and the Reynolds

number is the maxdimm value, 5X105. The maximum values for the Span,

column 3, are obtained from: the value of fo from figures 5(a) and
5(b), which are plots of the trajectories of light rays through the
boundary leyer; the maximum Reynolds number; a value of kps corre-
sponding to the green line from a mercury src lamp; a pressure of

26 inches of mercury vacuum; an air temperature of 70° F; and the

velue x, in colum 1. The ratio z/L' 18 equal to 1.0 and the maxi-
mm velocity, in colummn 4, is cobtained at the maximum Reynolds mmber.
In colum 5, values of € .at ya/yl = 1 are presented; €' is

related to € by the relation
. €L/2 - &,

el =
L/2 - 5;
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vhere By 1s the glass-wall boundary-layer thickness found by assuming
the wall boundary layer to be nearly isothermal and to have its stagna-
tion point at the same point as that for the cooled boumdary layer.

The yalues of pa/pl are found from equations (5) to (8) where rp is

assumed equal to 1 because the glass-wall boundary layers are nearly
isothermal and r; i1s the value of r corresponding to 1,. Colum 6
glves the differences between the density at position one and the
apparent density as compared with the density at position one. In
column 7, the fringe shift that will appear on an interferogram between
the free stream and the wall is given. The equation for the fringe
ghift from the free stream to any point in the boundary layer is derived
from equations (3) and (4) and is

p_/p
855 = % (kog) (arll - 1) (27)

This equation is plotted in figure 10 for the conditions of this problem
and for a span of 1 inch. A positive sign for the fringe shift indi-
cates that p_, 1s greater than pg. This fact is discussed in the

next section of this report. The ratios of the minimum distance x %o
the meximm span is given in column 8, In column 9, the ratios of the
portions of pa/pl that result from the glass-wall boumdary layers to

the total pgfp; are listed.

DISCUSSION OF RESULIS

The principal factor, other than the flow conditions, governing a °
test section design is the estimate of how close to the wall the bound-
ary layer need be studied; that is, a minimum value of y/B must be
chosen., In same cooling studies, it may only be necessary to deter-
mine whether a particular portion of a boundary layer is laminer or
turbulent or where separation has taken place. These types of investi-
gation should be comparatively simple with the interferometer. For
some invesitigatione, however, it is necessary to obtain the temperature
gradient at the wall. Because the temperature ratio is less than 1.0
and all rays are bent toward the surface, there is a definite limit as
40 how close to the surface the boundaxry layer may be investigated.

The restriction on the minimm value of y/5, =for which it is desired
to obtain the temperature in the boundary layer, also restricts the
boundary-layer thickness © +to some minimm value because there is a
minimm velue of y for which the profile can be investigated.

In general, there are four effects which limit the minimwm ¥
value.

812
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(1) If at best; it is possible to estimate to 1/10 of a fringe in
determining the fringe shift, the mmber of fringe shifts across the
boundary leyer limlts the minimum y value that can be investigated.

(2) Even with no flow over a surface a .slight fringe shift is often
obtalned close to the surface. This shift may be due to reflection of
light from the surface. It is conceiveble that this reflection limits
the accuracy with which fringe shifts can be estimated close to a sur-
face as & result of interference between the survey rays and the
reflected rays.

(3) The effect of diffraction of light from the edge of the model
results in diffraction fringes parallel to the model surface which
cause difficulty in determining the interference fringe shift.

(4) There is also some difficulty in obtaining the exact location
of the model surface on an interferogram due to the previously men-
tioned diffraction effect; the intersection of fringes with the surface
therefare cause some error in the measured positions. All these effects
contribute to the great difficulty encountered in obtaining the tempera-
ture profile in ‘the boundary layer very near to a model surface.

The ratio of the distance from the stagnation point x +to the
span of a channel L is an indicetion of the feasibility of a certain
test-section design. For large values of the ratio x/I, it can be
expected that end effects such as the glass-wall boundary layer and
transverse contemination, in the case of laminar boundary layers, will
be larger and, accordingly, will influence the interferogram fringe
shift to & considerable extent. It is difficult to evaluate the
average density in these end-effect regions, therefore it is reasonsble
to believe that it would be difficult to evaluate interferograms for
large values of x/L. This observation is illustrated in columns 8 and
9 of teble I. The contribution to pa/pl due to the glass-~wall bound-

ary layers increases as the ratio x/I increases.

The value of ¢, for ¥,/y; = 1, varies but little from 0.8 for

* the range of conditions investigated (table I, colum 5).

An evaluation pro¥edure based on the assumption that the refrac-
tion is small would cause considerable error in the profiles calculated
from fringe shifts as evidenced by colummn 6 of teble I. The negative
fringe shift in columm 7 indicates that it would be possible to obtain
a wall temperature greater than the free-stream temperature if a cor-
rection were not made for refraction. This result mey be in error
because terms of higher degree than the second in 0 were neglected.
The results shown in columm 7, however, still show that the effects of
refraction Increase with decreasing temperature ratio.
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2
1
For given values of §2 = %‘- K2 (k‘ob) Rezm(éx—) » Reynolds number,

and gas temperature; the value of x/I. cen decrease for decreasing
presgure. Furthermore, for a consiant Reynolds mumber and gas tempera-
ture, a very low pressure is assoclated with a high velocity. These
conditions of low pressure, high velocity, and small x/I are encoun-
tered in hypersonic air-flow channels. However, with the very low
pressures encountered in high Mach mmber flow it can be expected that
small fringe shifts will occur acraoss the boundary layer.

The results of a preliminary investigation for the hypersonic range
Indicate that the interferametric method will not be.useful as a means
of investigeting laminar boundary layers for temperaure ratios neexr one
because of the very small fringe shift across the boundary layer but
will be useful for laminsr layers with low wall-to-stream temperature
ratios, In the case of turbulent boundary layers, investigations in the
range of temperature ratlos near one are also ruled out because of
insufficient fringe shift across the boundary layer and the low wall-
to-stream temperature ratio is ruled out because the effects of refrac-
tion are expected Lo meke an accurate evaluation of the interferogram
1mpossible.

CONCIUSIONS AND RECOMMENDATIONS

A method has been presented for estimating the effects of light
refraction in an interferametric investigation of two-dimensional

boundary layers.

Fram plots of the traJectorles of light rays through both laminar
and turbulent boundary layers, from calculetions of the error involved
in not taking into account refraction, and from the results of a mumer-
ical example; it was found that the effects of refraction become more
pronownced as the wall-to-stream temperature ratio is decreased.

The inmterfercmetric method is believed to be limited as a method of
obtaining local heat-transfer coefficients for forced-convection flow at
low wall-to-stream temperature ratios. The principal cause of the
limitation on the method is the large temperature gradient which causes
rays to be bent into the surface of the model and prevents the observa-
tion aof that portion of the boundary layer very close to the wall. In
addition, surface reflection, diffraction, and uncertainty in locating
{ the model surface on an interferogram limits measurements on inter-
ferograms very near the wall,

¥812
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It is believed that the lnterferometer would be useful for investi-
gating laminar boundary layers in hypersonic channels with low wall-to-
stream temperature ratios as well as low velocity flows with wall-to-
stream temperature ratios near one.

Removal of the cooled model from the glass wall would reduce or
eliminate the apparent thickening on interferograms owing to the
intersection of the model boundary layer and ithe glass-wall boundary
layers at the concave corners of a .channel and reduce or eliminate the
thermal distortion of the glass walls that would exist if the model
contacted the glass.

The glass wall should be made as thin as possible so that the
refraction effects due to any thermal distortion of the glass may be
neglected.

In order to allow thin glass windows to be used with a low pres-
gure in the channel it would probebly be necessary to provide evacuated
chambers on the outside of the channel. The evacuated chambers would
have the additional advantage of reducing free convection on the glass
test-section walls.,

s

Lewis Flight Propulsion Laboratory,
Wational Advisory Committee for Aeronautics,
Cleveland, Ohio, May 17, 1951.
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APPENDIX A

SYMBQLS
The following symbols are used in this report:
specific heat at constant pressure, Btu/(1b)(°F)

specific heat at constant volume, Btu/(1b)(°F)

L T
€z -3 ft

) b1}
constant in the expression 17 =K B%— ¥, dimensionless

Dale-Gladstone constant, cu £t/slug
span, inside test section, £t

L - 28, ft

Mach number, dimensionless

m
exponent in the expression 7 =K B—i—- y, dimensionless

exponent in the expression (y/S)]'/ N, dimensionless
index of refraction, dimensionless '

Prandtl mnnber , dimensionless

static pressure, slugs/sq ft

universal gas constant, £t/°R ﬂ;?

Up
local Reynolds number sx’ dimensionless

Hs

temperature ratio. -TT—, dimensioniess
ts]

interferogram fringe shift, dimensionless

distence along light path, £t

2184
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T gas static temperature st point x, y, z in the boundary layer, °R
T gas total temperature, °Rr
U  velocity of gas at outer edge of the boundary layer, ft/sec
u  velocity of gas in x direction, ft/sec
v lvelocity of 1light at point x, y, z; ft/sec
X distance along surface measured from starting point of boundary
layer, It
Yy distance normal to the surface, ft
Z distance along span of test section, £t
B exponent in the specific heat-temperature relation cp/ cp,5 = (T/EI.‘E)B
M absolute viscosity, slugs/(sec)(ft)
1 2 2m (L2 [ 2 \2
¢ §(kp‘6) K“Re (;) (F) s dimensionlegs
p density, slugs/cu £t
T thickness of glass wall, £t
t T
T _CEE_(W’ £t
®  exponent in viscosity - temperature relation, w/ug = (T/T4)%,
dimensionless
Subscripts:
a apparént value
£ inside glass-wall boundary-layer film
g glass side wall
1 laminar boundary layer
o] compensating chamber conditions
8 condition at border of laminar sublayer and turbulent region
t turbulent boundary layer
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ratio of specific heats, gfr-, dimensionless

thickness of t];lermal boundary layer, ft

ratio of distance between glass and object plane to distance
between the glass and test sectlion centerline, dimensionless

ratio of distance between position two, figure 3, and obJject plane
to distance between position two and test section centerline,

€L/2 - B,
m, dimensionless

o dimensionless

Re®
K i £ dimensioniess

(1t/2) @ o Y dimensioniess
K (kpg) Re™ (Lt/x) O

slope of ray path at point y, z; dimensionless
wavelength of 1light used, ft

vacuum

wall

coﬁdi‘bion at border of boundary layer and free stream

referring to optlical path from Inside of exit window to the lmage
plane

position at which light ray enters boundary lafrg‘r under Investiga-
tion 7"

position at which light ray leaves the boundary layer under investi-

getion

812
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APPENDIX B

DERIVATION OF EQUATIONS (1) THROUGH (8)
The equation

__L=-}-av+%%y' | (B1)

l+y'2 v

describes the trajectory of a light ray in a nonhomogeneous medium
(reference 7). By the following substitutions, equation (Bl) can be put
in a more useful form:

.. )
n
on
5z =° -
y' = tan 6 & 6 4 (2)
n=Xkp+ 1
(for air)
kp << 1 Y,
then
TexPE (83)

When this equation is integrated with the boundary conditiom z =0
when 6 =0 yilelds

9=k%§-z ¢Ba)
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If the equations

T
r =5
. Ty
= 2
p_
RT e
m
Re
n=Kk=—]/v
Z
=17 J

are substituted into equation (B4),

2
Lt 1l dr
T = - 52 (ko) Rezm(—;> t 2 a

NACA TN 2462

(B5)

(Bs)

By integrating equation (B6) between the limits n =7y when § =0

and N =1 when § = and by substituting

2 om (LY
2f, = K" (kpg) Re (—;)

and
. 2
E-tt
then
1 2
= - —r
: = an
1

(B7)

(B8)

(1)

This equation represents the light-ray trajectories 1n terms of the new

varisbles.
By letting @ = %lgl, it is found that
K (kpg) Re™ (L'/x)

&

2184
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If the object plane is considered to be at a distance
1
€t I-'z— from position 2 in the test sectiqn

LI
yo - € 56
Yo _ 22 2 2 (B10)
1 71
where 6 18 a negative angle.
Substitution of the new variables yields
Lt 6 20 )
2 1 2 om/L! 2 2 :
€? = €' 5 (kps) K° Re (-—) —=t, — ¢ (B11)
273y . 2 [ x| 1y 2 1,
end
—_— = T] - el ) . 2)
1 M ( ? 2 ®2> (

The relation generally used between index of refraction change and
fringe shift (reférence 1) is

8\ = L(n, - n,) (3)

The opticel-path difference between a light path through the test sec-

tion and a corresponding light path through the compensating section
(reference 4) is

8A = qu Sf + L/“z n ds + ng14 + N (h+T) - 2no§f -
1

h +7
| B - ————
a L' -nT -n, (cos 92> (B12)

By combining equations (3) and (B1l2), by substituting for the index
of refraction ‘

n=k+ 1 (4)




.
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and by solving for Lkpa;_ it is found that

2
Ikp = 2kp, 5, + k 0 ds + = 62 az +
8 z Op 2
1 1
2

ngA+J; dz - L (B13)

where

A=Tt -7 +%(h+'r>-ﬁ(h+7) (B14)

f@:f(1+ez)uﬁ/(1+%ez)a (B15)

when powers of 6 equal to four or greater are neglectéd.

and where

If equetion (B13) is solved for pa/pl it can be shown that

1 111 2 Ny A
plfpds+2kLplf9 dz+k—5—plf (B16)

When the ‘l;énmeratwe ratio r = T/Ts and the law of state
p = p/ReTy are introduced, it follows that

=2

,

1P
212
Hj=

1 1 2 Bg A
Eﬁgrl/\e d.z-l-ES-rlL (B17)

The expression for ng can be put in the following useful form:

2184
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1 1 1
g = 1T 57 "t TRt - os g *ogh(l-Ge 6 (818)
cos-n—
g
0.2
l _ _1\w = -1\ 8L 2 (B19)
cos;- 1 - gz g€
E A
and
1 1,2
(l'mg>“-§92 (B20)
and. because ng=l.5
—el2_ 2
h=¢3-3 (B21)
1t can be shown that
1 65° € L, 1
B = E T oy \F " ToPs "z U Tt 3 Aol (822)
Bubstituting n, =1 end n, = 3/2 it is found that
g A € 1,2
__kpﬁ HE=-7% k——pa 92 (B23)
because
1 1
kpg T
P o Sf T 2
RT2E T YT Frggs | oPam- S5 0p
1 i A r P A 5

(B24)
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By substituting the new variables into equation (B24), it ean be
shown that . -

S €2 P
E_a.'.—:z.l.‘lii.;.r(i—]{:) _dj_.l. ﬁ@zdg __€_r E, @2
R & 2@ o r;/_f,_ o 2 "1 L2 >2

pl rf I
(B25)
or
Pa_ (%) ,(fe Pa
f1 (pl)f * (91>1_z +( pl>9 (5)
where
Pa) _ oL
(pl)f ; Tp L (6)
1-2 if; §2 2
(g_]a-> =7y L __d;g_ + 92 ‘/z‘dg (7)
-2 e gz 0 Tyt 0
(%) =-37 59 (8)
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TABIE I - RESULTS OF NUMERICAL EXAMPLE

[Assumptions: 1n; determined &t dr/dn = 0.9(dr/dn), for laminar
boundsry layer; 1 = 0.01 for turbulent boundary layer; minimum
¥, = 0.004 in.; maximm Re = 5XI0°; pressure = 26 in. Hg vacuum

temperature = 70° F; length of cooled wall = channel length;
k = 0.1166 £t/slug; rp = 1.|

1 |2z [ 3 2 5 6 [ 7] 8] 9
r, [Mini- [Mexi- [Meximm € 8t |PyPg|Sy 5| ¥/ |(pa/P1)e

mm x|mm L|velocity|yg ) o 7o

(£t) |(in.) U 7= 1 "l al "l

(£t/sec) |1

Leminar |0.343| 3.0 | 1.7 | 210 0.78 | 0.12| 3.3[21.9] 0.13
boundary | .628| 1.2 | 3.1 | 540 .79 | O 2.5| 4.5 .04
layer .890| 1.0 | 6.8 | 630 .86 | 0 1.2| 1.8 .02
Turbulent|0.333| 1.2 | 1.1 | 530 0.81 | 1.12[-2.2[12.8] -3.10
boundery | .5 | 1.2 | 1.6 | 530 .78 | 29| .1| 9.3 47
layer .8 | 1.2 | 2.9 | 530 .86 | .03| .5[ 4.9 .24
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